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Abstract
Let ACG(n,Fq) be one of n-dimensional affine-classical spaces over a finite field Fq , and letM be an
orbit of totally isotropic flats under the corresponding affine-classical group. Denote by L the set of all the
intersections of totally isotropic flats in M. If we partially order L by ordinary or reverse inclusion, two
families of finite atomic lattices are obtained. This paper discusses their geometricity and computes their
characteristic polynomials.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
Now we recall some definitions and terminologies about finite poset and lattices. The reader
is referred to [1,10] for details.
Let P be a poset with partial order ≤. As usual, we write a < b whenever a ≤ b and a = b.
For any two elements a, b ∈ P , we say a covers b, denoted by b < ·a, if b < a and there exists
no c ∈ P such that b < c < a. If P has the minimum (respectively maximum) element, then we
denote it by 0 (respectively 1). In this case we say that P is a poset with 0 (respectively 1). Let
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572 K. Wang, J. Guo / Finite Fields and Their Applications 14 (2008) 571–578P be a finite poset with 0. By a rank function on P , we mean a function r from P to the set of
all the nonnegative integers such that:
(i) r(0) = 0;
(ii) r(a) = r(b) + 1 whenever b < ·a.
Observe the rank function of P is unique if it exists.
Let P be a finite poset with 0 and 1. The polynomial
χ(P,x) =
∑
a∈P
μ(0, a)xr(1)−r(a)
is called the characteristic polynomial of P , where r is the rank function on P .
A poset L is said to be a lattice if both a ∨ b := sup{a, b} and a ∧ b := inf{a, b} exist for any
two elements a, b ∈ L. Let L be a finite lattice with 0. By an atom in L, we mean an element in
L covering 0. We say L is atomic if any element in L \ {0} is a union of atoms. A finite atomic
lattice L is said to be geometric if L admits a rank function r satisfying
r(a ∧ b) + r(a ∨ b) ≤ r(a) + r(b) (1)
for any two distinct elements a, b ∈ L. In a finite atomic lattice, (1) is equivalent to
a ∧ b < ·a ⇒ b < ·a ∨ b.
The set of flats of a combinatorial geometry ordered by inclusion is a geometric lattice. Con-
versely, given a geometric lattice L, the incidence structure (L, {Fy | y ∈ L}) is a combinatorial
geometry, where Fy = {x ∈ L | x ≤ y}.
Let L and L′ be two lattices. If there exists a bijection σ from L to L′ such that
σ(a ∨ b) = σ(a)∨ σ(b), σ (a ∧ b) = σ(a) ∧ σ(b), ∀a, b ∈ L,
then σ is said to be an isomorphism from L to L′. In this case we call L is isomorphic to L′,
denoted by L  L′. It is well known that two isomorphic lattices have the same characteristic
polynomial and the geometricity.
The results on the lattices generated by orbits of subspaces under finite classical groups may
be found in Huo, Liu and Wan [4–6], Huo and Wan [7,8,10], Gao and You [2,3], Wang and
Feng [11]. In this paper, we construct some families of finite atomic lattices generated by orbits of
totally isotropic flats under finite affine-classical groups, discuss their geometricity, and compute
their characteristic polynomials (see Theorems 2.1, 2.2).
2. Affine-classical spaces
In this section we shall first introduce the concepts of totally isotropic flats in affine-classical
spaces, and then introduce our main results. We follow the notations and terminologies in Wan’s
book [9].
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K =
(
0 I (ν)
−I (ν) 0
)
, Ss,0 =
(
0 I (s)
I (s) 0
)
,
Ss,1 =
(
Ss,0
1
)
, Ss,2 =
⎛
⎝ Ss,0 0 1
1 1
⎞
⎠ .
The symplectic group of degree 2ν over Fq, denoted by Sp2ν(Fq), consists of all 2ν × 2ν
matrix T over Fq satisfying TKT T = K. The vector space F(2ν)q together with the right mul-
tiplication action of Sp2ν(Fq) is called the 2ν-dimensional symplectic space over Fq . An m-
dimensional subspace P in the 2ν-dimensional symplectic space is said to be of type (m, s) if
PKPT is of rank 2s.
Let q = q20 , where q0 is a power of a prime. Then Fq has an involutive automorphism a →
a¯ = aq0 . The unitary group of degree n over Fq, denoted by Un(Fq), consists of all n × n
matrices T over Fq satisfying T T¯ T = In, where In is the identity matrix of order n. The vector
space F(n)q together with the right multiplication of Un(Fq) is called the n-dimensional unitary
space over Fq . An m-dimensional subspace P in the n-dimensional unitary space is said to be of
type (m, r) if P P¯ T is of rank r.
Suppose q is even. The pseudo-symplectic group of degree 2ν + δ (δ = 1 or 2) over Fq,
denoted by Ps2ν+δ(Fq), consists of all (2ν + δ) × (2ν + δ) matrices T over Fq satisfying
T Sν,δT
T = Sν,δ. The vector space F(2ν+δ)q together with the right multiplication action of
Ps2ν+δ(Fq) is called the (2ν + δ)-dimensional pseudo-symplectic space over Fq . An m-di-
mensional subspace P in the (2ν + δ)-dimensional pseudo-symplectic space is a subspace of
type (m,2s + τ, s, ε), where τ = 0,1, or 2 and ε = 0 or 1, if
(i) PSν,δP T is cogredient to
( Ss,τ
0(m−2s−τ )
)
, and
(ii) e2ν+1 /∈ P or e2ν+1 ∈ P according to ε = 0 or 1, respectively.
Denote by Kn the set of all n × n alternate matrices over Fq . Two n × n matrices A and B
over Fq are said to be congruent mod Kn, denoted A ≡ B (mod Kn), if A − B ∈Kn. Clearly, ≡
is an equivalence relation on the set of all n × n matrices. Let [A] denote the equivalence class
containing A. Two matrix classes [A] and [B] are said to be cogredient if there is a nonsingular
n × n matrix Q over Fq such that [QAQT ] ≡ [B]. For q is odd, let
S2s+δ,Δ =
(
Ss,0
Δ
)
, where Δ =
⎧⎨
⎩
∅, if δ = 0,
(1) or (z), if δ = 1,
diag(1,−z), if δ = 2,
where z is a fixed non-square element of Fq . For q is even, let
S2s+δ,Δ =
⎛
⎝ 0 I
(s)
0
Δ
⎞
⎠
n×n
, where Δ =
⎧⎪⎨
⎪⎩
∅, if δ = 0,
(1), if δ = 1,(
α 1
α
)
, if δ = 2,
where α is a fixed element of Fq such that α /∈ {x2 + x | x ∈ Fq}.
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O2ν+δ,Δ(Fq), consists of all (2ν + δ) × (2ν + δ) matrices T over Fq satisfying
[T S2ν+δ,ΔT T ] ≡ [S2ν+δ,Δ]. The vector space F(2ν+δ)q together with the right multiplication
action of O2ν+δ,Δ(Fq) is called the (2ν + δ)-dimensional orthogonal space over Fq . An m-di-
mensional subspace P in the (2ν + δ)-dimensional orthogonal space is a subspace of type
(m,2s + γ, s,Γ ) if PS2ν+δ,ΔP T is cogredient to diag(S2s+γ,Γ ,0(m−2s−γ )).
A coset of F(n)q relative to a subspace P of type ϑ is called a ϑ -flat. The dimension of a ϑ -flat
x + U is defined to be the dimension of the subspace U , denoted by dim(x + U). Define the
empty set ∅ to be the flat with dimension −1.
A flat F1 is said to be incident with a flat F2, if F1 contains or is contained in F2. The point
set F(n)q with all the flats and the incidence relation among them defined above is said to be the
n-dimensional affine-classical space, denoted by ACG(n,Fq).
Let Lk denote the set of all flats in affine space AG(k,Fq) including the empty set. If we
partially order Lk by reverse inclusion, then Lk is a lattice (see [11]).
In this paper, we always assume that ACG(n,Fq) is one of the n-dimensional affine classical
spaces with n = 2ν+δ. Also, for each i, we assume that ei denotes the n-dimensional row vector
whose ith component is 1 and other components are 0’s.
The set of matrices of the form
(
T 0
v 1
)
,
where T ∈ Gn and v ∈ F(n)q , forms a group under matrix multiplication. This group is said
to be the affine-classical group of ACG(n,Fq), denoted by AGn. Define the action of AGn on
ACG(n,Fq) as follows:
ACG(n,Fq) × AGn → ACG(n,Fq)(
x,
(
T 0
v 1
))
→ xT + v.
Then each affine-classical group AGn is transitive on the set of ϑ -flats in ACG(n,Fq) for a
given ϑ .
A flat x + U is said to be totally isotropic if U is a totally isotropic subspace. There are the
following five distinct types of totally isotropic flats:
• Totally isotropic (m,0)-flats in 2ν-dimensional affine-symplectic space ASG(2ν,Fq);
• totally isotropic (m,0)-flats in (2ν + δ)-dimensional affine-unitary space AUG(2ν + δ,Fq2);
• totally isotropic (m+ε,0,0, ε)-flats in (2ν+δ)-dimensional affine-pseudo-symplectic space
APSG(2ν + δ,Fq) where ε = 0 or 1;
• totally isotropic (m,0,0)-flats in (2ν+δ)-dimensional affine-orthogonal space AOG(2ν+δ,
Fq).
For 0 ≤ m ≤ ν, suppose M(m + 1,1) denotes the set of all (m + 1,0,0,1)-flats in
APSG(2ν + 2,Fq), and suppose M(m,0) denotes the set of all m-dimensional totally flats in
other (2ν + δ)-dimensional affine-classical spaces. For ω = 0 or 1, define M(−1,ω) = ∅. As
for the size ofM(m + ω,ω), see [9, Theorem 4.14, Corollaries 3.19, 5.20, 6.23, 7.25].
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Assume that the intersection of the empty set of flats is F(n)q . Partially ordered by ordinary or
reverse inclusion, L(m + ω,ω) is a poset, denoted by LO(m + ω,ω) or LR(m + ω,ω), respec-
tively. For any two flats x + U,y + W ∈ LO(m + ω,ω),
(x + U) ∧ (y + W) = (x + U) ∩ (y + W),
(x + U) ∨ (y + W) =
⋂{
z + P ∈ LO(m + ω,ω)
∣∣ z + P ⊇ (x + U) ∪ (y + W)}.
Similarly, for any two flats (x + U), (y + W) ∈ LR(m + ω,ω),
(x + U) ∧ (y + W) =
⋂{
z + P ∈ LR(m + ω,ω)
∣∣ z + P ⊇ (x + U) ∪ (y + W)},
(x + U) ∨ (y + W) = (x + U) ∩ (y + W).
Therefore, both LO(m + ω,ω) and LR(m + ω,ω) are finite lattices.
This article discusses the lattices generated by orbits of totally isotropic flats under each AGn.
In particular, we obtain the following results.
Theorem 2.1. Given a (2ν + δ)-dimensional affine-classical space. Let 0 ≤ m ≤ ν and ω = 0
or 1. Then
(i) LO(m + ω,ω) (respectively LR(m + ω,ω)) is atomic.
(ii) LO(m,0) in the affine-symplectic space ASG(2ν,Fq) is geometric if and only if m = 0 or 1.
(iii) Suppose L = LO(m + ω,ω) is a lattice in affine-classical spaces except ASG(2ν,Fq), or
LR(m + ω,ω). Then L is geometric if and only if m = 0.
Theorem 2.2. With the assumption of Theorem 2.1, the characteristic polynomial
of LR(m + ω,ω) is
χ
(LR(m + ω,ω), t)= tm+2 − 1 −
m+ω∑
i=ω
∣∣M(i + ω,ω)∣∣ · q2ν+δ−iχ(Li−ω, t).
3. Proof of main results
In this section we discuss lattices in a (2ν + δ)-dimensional affine-classical space, and always
assume that ω = 0 or 1. We begin with a useful lemma.
Lemma 3.1. Let 0 ≤ m,m1 ≤ ν. Then L(m1 + ω,ω) ⊆ L(m + ω,ω) if and only if m1 ≤ m.
Proof. Suppose that m1 ≤ m. If m = m1, L(m1 + ω,ω) ⊆ L(m + ω,ω) is trivial. Now assume
that m1 < m. We claim thatM((m−1)+ω,ω) ⊆ L(m+ω,ω). If m = 0, our claim is valid. Now
let m ≥ 1. For any x + U ∈M((m − 1) + ω,ω), there are at least two distinct m-dimensional
totally isotropic subspaces W1 and W2 containing U ; and so
x + U = (x + W1) ∩ (x + W2).
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L(m1 + ω,ω) ⊆ · · · ⊆ L
(
(m − 1) + ω,ω)⊆ L(m + ω,ω).
Conversely, suppose L(m1 +ω,ω) ⊆ L(m+ω,ω). For any flat x +U ∈ L(m1 +ω,ω), there
exists a flat y + W ∈ L(m + ω,ω) containing x + U . Since x ∈ x + U ⊆ y + W , we obtain
y + W = x + W. It follows that x + U ⊆ x + W , i.e., U ⊆ W . Hence m1 ≤ m as desired. 
Lemma 3.2. Let 0 ≤ m,m1 ≤ ν. Then L(m + ω,ω) consists of F(2ν+δ)q , ∅ and all (r + ω)-
dimensional totally isotropic flats with 0 ≤ r ≤ m.
Proof. By the definition of L(m+ω,ω), F(2ν+δ)q ,∅ ∈ L(m+ω,ω). For any (r+ω)-dimensional
totally isotropic flat x +U with 0 ≤ r ≤ m, x +U ∈ L(r +ω,ω) ⊆ L(m+ω,ω) by Lemma 3.1.
Since any non-totally isotropic flat is not contained in L(m + ω,ω). Hence the desired result
follows. 
Proof of Theorem 2.1. For any x + U ∈ LO(m + ω,ω), define
rO(x + U) =
⎧⎨
⎩
0, if x + U = ∅,
m + 2, if x + U = F(2ν+2)q ,
dim(x + U) + 1 − ω, otherwise.
Then rO is the rank function on LO(m + ω,ω).
(i) Note that ∅ is the unique minimal element andM(ω,ω) is the set of atoms of LO(m+ω,
ω). For any r-dimensional flat x + U ∈ LO(m,0), let α1, α2, . . . , αr be a basis of U . Then
x + αi ∈M(0,0). Since
x + U = (x + α1) ∨ · · · ∨ (x + αk) ∨ (x),
the lattice LO(m,0) is atomic.
For any r + 1-dimensional flat x + U ∈ LO(m + 1,1), let α1, α2, . . . , αr , e2ν+1 be a basis
of U . Then x + αi + 〈e2ν+1〉 ∈M(1,1). Since
x + U = (x + α1 + 〈e2ν+1〉)∨ · · · ∨ (x + αr + 〈e2ν+1〉)∨ (x + 〈e2ν+1〉),
the lattice LO(m + 1,1) is atomic.
(ii) Suppose LO(m,0) is the lattice in ASG(2ν,Fq). It is a routine to show that both LO(0,0)
and LO(1,0) are geometric. Now suppose 2 ≤ m ≤ ν. Then 〈e1〉∧eν+1 = ∅, 〈e1〉∨eν+1 = F(2ν)q .
Therefore,
rO
(〈e1〉 ∧ eν+1)+ rO(〈e1〉 ∨ eν+1)= m + 2 > 3 = rO(〈e1〉)+ rO(eν+1).
Hence LO(m,0) is not a geometric lattice whenever 2 ≤ m ≤ ν.
(iii) Suppose LO(m + ω,ω) is a lattice in affine-classical spaces except ASG(2ν,Fq). It is
routine to show that LO(ω,ω) is geometric.
Now suppose 1 ≤ m ≤ ν. Since non-isotropic vectors exist in classical spaces except the sym-
plectic space, we may pick a non-isotropic vector α. Let β be the atom containing α, and let η
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rO(β ∧ η) + rO(β ∨ η) = m + 2 > 2 = rO(β) + rO(η).
Hence, LO(m + ω,ω) is not geometric whenever 1 ≤ m ≤ ν.
Suppose LR(m+ω,ω) is a lattice in affine-classical spaces. For any x +U ∈ LR(m+ω,ω),
define
rR(x + U) =
⎧⎪⎨
⎪⎩
0, if x + U = F(2ν+2)q ,
m + 2, if x + U = ∅,
m + 1 + ω − dim(x + U), otherwise.
Then rR is the rank function on LR(m+ω,ω). It is routine to show that LR(ω,ω) is geometric.
Now suppose 1 ≤ m ≤ ν. Let x + P be an (m + ω)-dimensional flat in LR(m + ω,ω) with
x /∈ P . Since P ∨ (P + x) = ∅ and P ∧ (P + x) = F(2ν+δ)q , we have
rR
(
P ∧ (P + x))+ rR(P ∨ (P + x))= m + 2 > 2 = rR(P ) + rR(P + x).
Hence LR(m + ω,ω) is not geometric whenever 1 ≤ m ≤ ν. 
Proof of Theorem 2.2. For convenience, we write L= LR(m + ω,ω). For i-dimensional x +
U ∈ LR(m + ω,ω), let
Lx+U = {y + W ∈ L | y + W ≥ x + U}.
Note that LF(2ν+δ)q = L. It is a routine to show that Lx+U  Li−ω where i = dim(x + U).
Hence both the lattices Lx+U and Li−ω have the same characteristic polynomial.
Since ∅ is the maximum element and F(2ν+δ)q is the minimum element in L, the characteristic
polynomial of L is
χ(L, t) =
∑
x+U∈L
μ
(
F
(2ν+δ)
q , x + U
)
tm+2−rR(x+U).
By the Möbius inversion formula
tm+2 =
∑
x+U∈L
χ
(Lx+U , t).
Hence
χ(L, t) = tm+2 −
∑
x+U∈L\{F(2ν+δ)q }
χ
(Lx+U , t)
= tm+2 −
∑
x+U∈L,dim(x+U)≤m+ω
χ
(Lx+U , t)
= tm+2 − 1 −
m+ω∑
i=ω
∣∣M(i + ω,ω)∣∣ · q2ν+δ−iχ(Li−ω, t),
as desired. 
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